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a b s t r a c t
A (face-)primer hypermap is a regular oriented hypermap with
no regular proper quotients with the same number of hyperfaces.
Primer hypermaps are then regular hypermaps whose automor-
phism groups induce faithful actions on their hyperfaces. In this
paper we classify the primer hypermaps with a prime number of
hyperfaces. This classification generalises an earlier dual classifica-
tion by Du, Kwak andNedela of regular orientedmapswith a prime
number of vertices and simple underlying graph.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Embeddings of simple graphs in orientable (and non-orientable) surfaces have been classified for
certain classes of graphs and they represent one of the main areas of research in topological graph
theory at present times; see for example [11,10,13,8,9] and the references therein. The most closest
to the present paper is the classification of orientable regular embeddings of simple graphs of given
order. This has been achieved for graphs of prime order [8] and of order a product of two primes [7]. In
otherwords, these twopapers classify the regular orientedmaps of prime order, and of order a product
of twoprimes,with simple underlying graphs. The present paper classifies the primer hypermapswith
a prime number of hyperfaces. Since regular hypermaps of type (k, 2,m) are regular maps of type
{m, k}, and the dual of a primer map is a simple map, this paper generalises an earlier classification
of regular maps with a prime number of vertices and simple underlying graph by DU, Kwak and
Nedela [8].
Much aboutmaps and hypermaps have already beenwritten, andwhat follows is a quick overview
about hypermaps intended to introduce notations used throughout the paper. For a complementary
and deeper reading we refer the reader to [4,3,6,14,15].
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Fig. 1. The neighbouring flags of a flag f and the flags of a hypermap.
Fig. 2. The two orbits of the action of G on the flags.
Fig. 3. H and its mirror imageH− .
A topological hypermap is a cellular embedding of a connected bipartite graphG into a compact and
connected surface Swithout border. The vertices ofG lie in distinct bipartite partitions, coloured black
and white, and are called respectively the hypervertices and hyperedges of the hypermap, while the
connected regions of S \ G are the hyperfaces. Algebraically a hypermap is represented by a sequence
(θ; r0, r1, r2)where θ is a set, whose elements are called flags, and r0, r1, r2 are involutions generating
a group that acts transitively on θ . Adjoining the hyperface centres of a topological hypermap to its
adjacent hypervertices and hyperedges, we get a triangular subdivision whose triangles are the flags
of the related algebraic hypermap and the involutions r0, r1, and r2 act on the triangles (flags) in
the following way: r0 changes only hypervertex adjacency, r1 changes hyperedge adjacency and r2
changes hyperface adjacency. With respect to this action, the three direct neighbours of a flag f are
fr0, fr1 and fr2. The hypervertices, hyperedges and hyperfaces of the hypermap are traced back by the
action of ⟨r1, r2⟩, ⟨r2, r0⟩ and ⟨r0, r1⟩, respectively.
For simplification, flags will be (as usual) represented by little triangles as shown in Fig. 1 (right). A
hypermap is orientable if the underlying surface S is orientable. In such a case the subgroup of the
even words G = ⟨r0r1, r1r2⟩ acts on the set of flags with two orbits, usually coloured black and white
(Fig. 2).
Each orbit determines an orientation described by the actions of r0r1 and r1r2. Fixing an orientation
we get an oriented hypermap. Algebraically an oriented hypermap is described by a triple (D; a, b)
composed by a set D of ‘‘darts’’, the black orbit pictured in Fig. 2 (this orbit determines the anti-
clockwise orientation while the other determines the clockwise orientation), and two permutations
a (=r0r1), b (=r1r2) of Dwhich generate a transitive subgroup ⟨a, b⟩ of the symmetric group SD. Thus
an orientable hypermap gives rise to a pair of oriented hypermapsH andH−, which aremirror images
of each other (Fig. 3).
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Fig. 4. The action of a, b and ab on darts.
Taking black flags as darts (Fig. 4), the permutation a acts as a local one step counter-clockwise
rotation about a hyperface and b acts as a local one step counter-clockwise rotation about a
hypervertex.
Themirror image, also called the chiral pair, ofH isH− := (D; a−1, b−1).
An oriented hypermap is regular if the action of G on D is regular. In this case it is possible to
label each dart by an element of G and the set D can then be replaced by G with the action given by
right multiplication. Thus a regular oriented hypermap is just a triple H = (G; a, b) where G, called
the monodromy group ofH , is the group generated by a and b that acts transitively on itself by right
multiplication. The hyperfaces (respectively hypervertices and hyperedges) correspond to left cosets
of the coset factorisation of G by the cyclic subgroup generated by a (respectively by b and by ab). Thus
a regular hypermap has F hyperfaces of valency n justmeans that the index of the subgroup generated
by a in G is F and the order of a is n. The type ofH is a triple (k,m, n) of positive integers representing
the valencies of hypervertices, hyperedges and hyperfaces, in this order. Another important sequence
is the H-sequence of H , a sequence of integer numbers [χ; k,m, n; V , E, F; |G|] where χ is the
Euler characteristic of the underlying surface (the characteristic of H), (k,m, n), V , E, F and |G|
are respectively the type, the number of hypervertices, the number of hyperedges, the number of
hyperfaces and the number of darts ofH .
IfH = (G; a, b) andH ′ = (G′; a′, b′) are two regular oriented hypermaps, thenH coversH ′ if the
assignment a → a′, b → b′ can be extended to an epimorphism ρ : G → G′ of monodromy groups.
The hypermapH is isomorphic toH ′,H ∼= H ′, if ρ is an isomorphism. A hypermap is reflexible if it is
isomorphic to its mirror image, otherwise it is called chiral.
Let∆ denote the free product C2∗C2∗C2, generated by r0, r1 and r2, andΓ be the normal subgroup
of index 2 in ∆ generated by a = r0r1 and b = r1r2. This is a free group of rank 2. A regular oriented
hypermapH corresponds to a unique subgroup H in Γ such thatH ∼= (Γ /H;Ha,Hb). This subgroup
H is called the fundamental hypermap subgroup (most of the time called just hypermap subgroup). The
chirality group ofH is given by X(H) = HH/H , where H = Hr1 . This group ranges from X(H) = {1},
whenH is reflexible, to X(H) = Γ /H = Mon(H) whenH is totally chiral [3]. If ⟨a, b | R(a, b)⟩ is a
presentation of the monodromy group G, where R(a, b) denotes a set of relators on a and b, then the
chirality group ofH is the normal closure in G
X(H) = ⟨R(a−1, b−1)⟩G
of the subgroup generated by R(a−1, b−1) (see [1]). The chirality index is just the size of the chirality
group. This gives some sort of quantitative measure of how far a hypermap is from being reflexible.
The regular oriented hypermapswith 1 and 2 hyperfaces are all reflexible and the chiral hypermaps
with 3 and 4 hyperfaces are canonical metacyclic, that is, they are of the formH = (G; a, b)where the
monodromy group G is the metacyclic group
M(n, F , u, t) = ⟨a, b | an = 1, bF = au, bab−1 = at⟩,
where (t − 1)u = 0 mod n and tF = 1 mod n. A canonical metacyclic hypermap is chiral if and only
if t2 ≠ 1 mod n, and when it is chiral the chirality group is the cyclic group generated by at2−1 and its
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chirality index is n
(n, t2−1) [4], the parenthesis here denotes the greatest common divisor. In contrast,
most of the hypermaps appearing in the classification [2] are not canonical metacyclic.
This paper has four sections, the first of which is the actual introduction section, where a quick
overview of the theory of hypermaps is given. In the second section we introduce face-primer
hypermaps and describe their main properties. In the third we classify the p-primer hypermaps, that
is, the primer hypermaps with p (prime) hyperfaces. We also determine in this section those primer
hypermaps that are chiral and compute their chirality groups and chirality indices. We conclude this
section by deducing a formula for the number of p-primer hypermaps. In the last section we show
that primer hypermaps can be viewed as an extension of maps with underlying simple graphs, and
relate the results in this paper (when applied to maps) to those in [8].
Following group theory practices, functions in this paper are read from right to left.
2. The face-primer hypermap
LetH = (G; a, b) be a regular oriented hypermap. Each element γ ∈ G acting on the left induces an
automorphism (bijective covering) ϕγ : g → γ g ofH . Denote by Aut(H) the set of automorphisms
ofH . In particular, the automorphisms ϕa and ϕb, induced by a and b, correspond to one step global
counter-clockwise rotations about the hyperface and the hypervertex (respectively) that contain the
identity dart. BeingH regular we have Aut(H) = ⟨ϕa, ϕb⟩ ∼= G and since functions in this paper act
on the right, ϕγ1γ2 = ϕγ2ϕγ1 and thus ϕ(γ1γ2)−1 = ϕγ−11 ϕγ−12 , and so,
H = (G; a, b) ∼= (Aut(H); (ϕa)−1, (ϕb)−1).
The action of Aut(H) on H induces a transitive action of Aut(H) on the set F = G /l K of the
hyperfaces of H , where K = ⟨a⟩ and the symbol G /l K represents the left cosets of K in G. Under
this action, each ϕγ ∈ Aut(H), or equivalently each γ ∈ G, determines a permutation πγ ∈ SF ,
defined by gK → γ gK . In particular, the automorphisms ϕa and ϕb give rise to permutations A = πa
and B = πb on F . Labelling the hyperfaces of H by 1, 2, . . . , F , the permutations A and B can, and
will, be seen as elements of SF . The subgroup P of SF generated by A and B will be called the (face-)
primer group ofH and the regular oriented hypermap P = P (H) = (P; A−1, B−1)will be called the
face-primer, or simply, the primer hypermap ofH . By construction, we have the following proposition.
Proposition 1. Any regular hypermapH covers its primer hypermap P (H).
Proof. The assignment a → A−1, b → B−1 determines the epimorphism Π : G −→ P, γ → πγ−1 ,
and consequently the coveringH → P . 
We say that a regular hypermapH is primer ifH ∼= P (H), that is, if Ker(Π) is trivial. Thus ifH is
a primer then P (H) = H .
Corollary 2. If H has F hyperfaces of valency n, then its primer hypermap P also has F hyperfaces of
valency |A| and n = 0 mod |A|.
Proof. The assignment γK → πγ−1⟨A−1⟩ determines a bijection Ψ : F (H) = G /l K −→
F (P ) = P /l⟨A−1⟩. This proves thatH andP have the same number of hyperfaces. Thus the covering
H −→ P is unbranched at the hyperfaces. The second part is a consequence of the fact that being
Π : G −→ P, γ → πγ−1 , a homomorphism (epimorphism) then |A−1| = |πa−1 | divides |a| = n. 
Due to Wilson [17] is the following useful result:
Lemma 3. For each divisor k of |A|, the number of hyperfaces fixed by Ak must divide F .
2.1. More about the primer coveringH → P
Proposition 4. H is canonical metacyclic if and only if A = 1, that is, if and only if P (H) is the spherical
cycle hypermap Cn, with n hyperfaces of valency 1 (pictured in Fig. 5). Its walsh map is the n-dipole.
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Fig. 5. The primer hypermap Cn . When n = 2,C2 is a primer map.
Proof. By definition,H = (G; a, b) is canonical metacycle if and only if the subgroup generated by a
is normal in G, that is, if and only if K ▹ G. But the permutation A = πa is the identity permutation if
and only if K is normal in G. 
Proposition 5. The epimorphism Π : G −→ P, γ → πγ−1 , has kernel Ker(Π) = ⟨a|A|⟩. Hence
⟨a|A|⟩ ▹ G.
Proof. In fact, Ker(Π) = KG , whereKG is the core ofK inG. Now let S = ⟨a|A|⟩ = {au | u ≡ 0 mod |A|}.
Then it is clear that S ⊂ Ker(Π). On the other hand, since KG ⊂ K then every element γ of Ker(Π)
is of the form γ = au for some u. Applying Π we get 1 = γΠ = auΠ = Au, which implies that
u ≡ 0 mod |A|. Hence Ker(Π) ⊂ S. 
Corollary 6. P ∼= G/⟨a|A|⟩.
The following corollary is useful when obtaining relations defining the monodromy group of a
regular oriented hypermap from its primer group.
Corollary 7. r(A−1, B−1) = 1 if and only if r(a, b) = au for some u = 0 mod |A|.
Proof. According to the above epimorphism Π, r(A−1, B−1) = 1 ⇔ r(a, b)Π = 1 ⇔ r(a, b) ∈
Ker(Π) = ⟨a|A|⟩. 
Corollary 8. Let H = (G; a, b) be a regular hypermap. If G = ⟨a, b | R(a, b)⟩ then, its primer group P
has presentation
P = ⟨a, b | R(a, b), a|A| = 1⟩.
Proof. Consequence of von Dyck Theorem applied toΠ . 
Proposition 9. Let H be a regular hypermap. Then the chirality group of its primer hypermapP (H) is a
factor group of the chirality group of H . Consequently, the chirality index of P (H) divides the chirality
index of H .
Proof. Let H be the fundamental hypermap subgroup of H . The chirality group of H is X(H) =
HH/H . If G = ⟨a, b | R⟩ then H = ⟨R⟩Γ . As a consequence of Corollary 8, the fundamental hypermap
subgroup of P (H) is Q = HN , where N = ⟨a|A|⟩Γ . Since a := ar1 = a−1 then N ▹ ∆ and the chirality
group of P (H) is given by
X(P (H)) = QQ/Q = HHN/HN.
Since H is a subgroup of HN , then Φ : X(H) −→ X(P (H)),Hh → HNh, for any h ∈ H , is an
epimorphism. Hence X(P (H)) = X(H)/Ker(Φ) is a factor group of X(H). 
Corollary 10. If the primer hypermap P (H) is chiral thenH is also chiral.
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The converse is not true. For example, if H is the canonical metacyclic hypermap (M(n,m, r, t);
x, y), then H can be either chiral or reflexible depending on the parameter t , however its primer
hypermap P (H) is a spherical regular hypermap and so is always reflexible.
Proposition 11. A regular hypermap H is primer if and only if H has no non-trivial regular proper
quotients with the same number of hyperfaces.
Proof. (⇐) Obvious because P (H) is a regular quotient ofH with the same number of hyperfaces.
(⇒) Let P = (G; a, b) be a primer hypermap and Q = (Q ;α, β) be a regular quotient of P with
the same number of hyperfaces. Let φ : G −→ Q be the epimorphism a → α, b → β . Being P
primer, G ∼= ⟨A, B⟩ < SF (P ) , where A = πa and B = πb. Let Q = ⟨πα, πβ⟩ < SF (Q) . The function
ψ : G −→ Q , πγ → πγφ , is an isomorphism, so P ∼= (⟨A, B⟩; A−1, B−1) = (⟨πa, πb⟩;πa−1 , πb−1) ∼=
(⟨πα, πβ⟩;πα−1 , πβ−1) =: Q. Hence we have a commutative diagram
G
φ−−−−→ Q
π
 π
⟨πa, πb⟩ −−−−→
ψ
⟨πα, πβ⟩
which says that πψ = φπ is injective, so too is φ. HenceQ ∼= P . 
3. Classification of the p-primer hypermaps
Proposition 12. If P = (P; A, B) is a primer hypermap with p hyperfaces (p prime), then only one of the
situations can occur: A = 1 or the support of A is {2, . . . , p}.
Proof. By Lemma 3 the number of hyperfaces fixed by Amust divide p, hence A fixes all the hyperfaces
or A fixes only one, the hyperface 1 (the one that contains the identity dart). 
Remark. If p = 2 then necessarily A = 1. If p = 3 and P is chiral then we must also have A = 1
by [2].
Proposition 13. The permutation A is either 1, a cycle of length p−1, or a product of cycles each of length
|A|.
Proof. If A is just a cyclic permutation then from Proposition 12, A = 1 or |A| = p− 1. Now suppose
that A = c1c2 · · · ck (k > 1) where c1, . . . , ck are non-trivial cycles of length ℓ1, . . . , ℓk, respectively.
Note that |A| = lcm(ℓ1, . . . , ℓk) therefore, each ℓi is a divisor of |A|. AsAℓi fixes all the hyperfaces in the
cycle ci, by Lemma 3 Aℓi = 1, hence |A| | ℓi, for each i ∈ {1, . . . , k}. Hence ℓ1 = · · · = ℓk = |A|. 
We say that P = ⟨A, B⟩ is a p-primer group if P is the monodromy group of a primer hypermap
P = (P; A, B)with p hyperfaces. From the regularity of P and Proposition 12 we have,
Proposition 14. If P = ⟨A, B⟩ is a p-primer group then
(1) |P| = |A|p and ℓ = |A| is a divisor of p− 1;
(2) P is a semidirect product ⟨σ ⟩ o ⟨A⟩, where σ is a permutation of order p, and hence P is a metacyclic
group;
(3) P is primitive.
Proof. (1) This is a corollary of Proposition 13.
(2) From item (1), a subgroup of P of order p is a p-Sylow subgroup. Let np denote the number of p-
Sylow subgroups of P . By the third Sylow theorem, np = 1 mod p and np | |A|. As |A| < p, P has
only one p-Sylow subgroup S. A group of prime order is necessarily cyclic then, S = ⟨σ ⟩ where
σ ∈ Sp is a permutation of order p. By Sylow theorems, S ▹ P . Since |A| divides p−1, S∩⟨A⟩ = {1}.
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The action of S = ⟨σ ⟩ onΩ = {1, 2, . . . , p} is necessarily regular. Now P also acts transitively on
Ω . For each g ∈ P let 1g = j. Then there is h ∈ S such that 1h = j, and therefore gh−1 stabilises 1.
But the stabiliser of the hyperface 1 is generated by A, hence gh−1 ∈ ⟨A⟩, and thus g ∈ ⟨A⟩⟨σ ⟩.
(3) As P = ⟨σ ⟩ o ⟨A⟩, any subgroup H of P containing properly the hyperface stabiliser ⟨A⟩ must
contain a non-trivial power of σ , hence must contain σ and so H = P . Thus the stabiliser of a
hyperface is a maximal subgroup of P . By Theorem 1.7(c) of [5], P is primitive. 
Consider the metacyclic group M(p, ℓ, 0, t) = ⟨x, y | xp = yℓ = 1, xy = xt⟩ = ⟨x⟩ o ⟨y⟩, where
tℓ = 1 mod p and t = 1, 2, . . . , p − 1. Here |y| = ℓ so if M(p, ℓ, 0, t) stands for the monodromy
group of a primer hypermap necessarily ℓ is a divisor of p− 1. Denote byMp,ℓ,tk the regular oriented
hypermap (M(p, ℓ, 0, t); y, xyk), where k = 0, 1, . . . , ℓ − 1. When ℓ = 1 (which forces t = 1 and
k = 0),Mp,1,00 = (M(p, 1, 0, 1); 1, x) is the spherical cycle hypermapCp with p hyperfaces (see Fig. 5).
This hypermap is clearly primer.
Proposition 15. For each k ∈ {0, . . . , ℓ− 1}, the regular oriented hypermap
M
p,ℓ,t
k = (M(p, ℓ, 0, t); y, xyk)
has p hyperfaces, each of valency ℓ. Moreover,Mp,ℓ,tk is primer if and only if (1) ℓ is a divisor of p − 1
and (2) if ℓ > 1, t i ≠ 1 mod p for each i ∈ {1, 2, . . . , ℓ− 1} (recall that tℓ = 1 mod p).
Proof. The metacyclic group G = M(p, ℓ, 0, t) has size pℓ, consequently the number of hyperfaces
ofMp,ℓ,tk is
|G|
|y| = p. NowMp,ℓ,tk is primer if and only ifΠ is injective, that is, if and only if Ker(Π) =
KG = {1}, where K = ⟨y⟩. Since KG = {yi | t i = 1 mod p} the result follows. 
After this proposition we denote by P p,ℓ,tk the primer hypermapM
p,ℓ,t
k , where ℓ and t ∈ {0, . . . ,
p− 1} satisfy the conditions stated in Proposition 15.
Theorem 16 (Classification of p-Primer Hypermaps). P is a primer hypermap with p hyperfaces (each
of valency ℓ) if and only if P ∼= P p,ℓ,tk for some k ∈ {0, . . . , ℓ − 1} and t ∈ {1, . . . , p − 1}. Different
parameters k, p, ℓ and t correspond to non-isomorphic hypermaps with p hyperfaces of valency ℓ.
Proof. As P is a semidirect product ⟨σ ⟩ o ⟨A⟩, there exist unique integers j ∈ {0, . . . , p − 1} and
k ∈ {0, . . . , ℓ − 1} such that B = σ jAk. As σ is of prime order, σ can be replaced by any power of σ .
Letting β = σ j, one has:P = (P; A, βAk), with P = ⟨β⟩o ⟨A⟩ for some cyclic permutation β of order
p such that ⟨β⟩ ▹ P . Since the semidirect product of finite cyclic groups is metacyclic, then
P = ⟨A, β | Aℓ = 1, βp = 1, A−1βA = β t⟩
for some integer t with tℓ = 1 mod p (see p. 64 [12]).
Suppose that t i = 1 mod p for some i ∈ {1, 2, . . . , ℓ − 1}. As A−1βA = β t and A−iβAi =
A−(i−1)β tAi−1 = (A−(i−1)βAi−1)t , by induction A−iβAi = β t i = β thus Ai ∈ Z(P). As Ai fixes the
hyperface 1 we get a non-transitive non-trivial normal subgroup of P , a contradiction to the fact that
P is primitive (see Theorem 1.7(b) in [5]).
For the second part let us first recall that of the three parameters ℓ, t and k, the first is the common
valency of the hyperfaces, so if P1 = P p,ℓ,tk and P2 = P p,ℓ
′,t ′
k′ are two isomorphic primer hypermaps
with p hyperfaces then necessarily ℓ′ = ℓ. Thus we only need to show that k′ = k and t ′ = t . Let
P1 = (G; y, xyk) and P2 = (G; y, x′yk′), where G = M(p, ℓ, 0, t) = M(p, ℓ, 0, t ′). Without loss of
generality, let k ≤ k′. The isomorphism φ : y → y, xyk → x′yk′ says that xφ = x′yk′−k and so x′yk′−k
has order p. Hence x′yk′−k belongs to the unique Sylow p-subgroup Cp = ⟨x⟩ = ⟨x′⟩ of G. This forces
yk
′−k to belong to the intersection ⟨x′⟩ ∩ ⟨y⟩ = {1}. This proves that k′ = k. This also shows that the
isomorphism φ maps x to x′ and this clearly implies that t ′ = t . 
Corollary 17. The H-sequences of the hypermaps P p,ℓ,tk = (G; y, xyk) are
(1) [p, p, 1; 1, 1, p; p] if k = 0 and ℓ = 1 (⇒ t = 1);
(2) [p, ℓ, ℓ; ℓ, p, p; ℓp] if k = 0 and ℓ > 1 (⇒ p > 2);
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(3) [ℓ, p, ℓ; p, ℓ, p; ℓp] if k = ℓ− 1 > 0 (⇒ p > 2);
(4)

ℓ
(ℓ,k) ,
ℓ
(ℓ,k+1) , ℓ; p(ℓ, k), p(ℓ, k+ 1), p; ℓp

if 0 < k < ℓ− 1 (⇒ p > 2).
Proof. Let e be a number in {0, 1, . . . , ℓ − 1}. The last relation in the presentation of the metacyclic
group G = M(p, ℓ, 0, t) says that xye = yexte . By induction,
(xye)m = yemxtem+te(m−1)+te(m−2)+···+te = yemxV ,
where V = tem + te(m−1) + te(m−2) + · · · + te = te(te(m−1) + te(m−2) + · · · + te + 1). The element
x has order p. Let us find out the order of xye, for e > 0. This is the least positive integer m such
that (xye)m = 1, that is, such that yemxV = 1 ⇔ yem = x−V ∈ ⟨x⟩ ∩ ⟨y⟩ = Cp ∩ Cℓ = {1}.
Hence m is the least positive integer such that (ye)m = 1 and xV = 1. Thus Ord(xye) must be
a multiple of Ord(ye). Now if m = Ord(ye) also satisfies xV = 1 then m is the order of xye. As
V = te(te(m−1) + te(m−2) + · · · + 1) = teU , then xV = 1 ⇔ U = 0 mod p since te ≠ 0 in the
Galois field Zp. As U = tem−1te−1 , then xV = 1 ⇔ tem = 1 mod p. Since tℓ = 1 mod p, it now becomes
clear thatm = ℓ
(ℓ,e) satisfies x
V = 1. Hence
Ord(xye) = Ord(ye) = ℓ
(ℓ, e)
, for e > 0. (1)
Let us recall that the H-sequence of P p,ℓ,tk is the sequence [vv, ev, f v; V , E, F; |G|]where vv, ev, f v,
V , E and F stand for the hypervertex valency, hyperedge valency, hyperface valency, number of
hypervertices, number of hyperedges and number of hyperfaces ofP p,ℓ,tk . The sequence is determined
by the first three entries, namely Ord(xyk),Ord(yxyk) = Ord(xyk+1) and Ord(y) = ℓ. Taking into
account Eq. (1), when e > 0, the above H-sequences can be easily computed. 
According to the above corollary let P
p
I
= {P p,1,10 } = {Cp}, P pII = {P p,ℓ,t0 }ℓ,t with ℓ > 1,
P
p
III
= {P p,ℓ,tℓ−1 }ℓ,t with ℓ > 1, and P pIV = {P p,ℓ,tk }ℓ,t with 0 < k < ℓ − 1, the families of p-primer
hypermaps with H-sequences (1), (2), (3) and (4), respectively.
Theorem 18. If P = P p,ℓ,tk = (G; y, yxk) is a primer hypermap with p hyperfaces, where G =
M(p, ℓ, 0, t) = ⟨x, y | xp = 1, yℓ = 1, xy = xt⟩, then
X(P ) =

{1} (reflexible) if P ∈ P p
I
⟨yt2−1⟩ if P ∈ P p
II
,P
p
III
,P
p
IV
.
Proof. Any spherical regular oriented hypermap is reflexible so X(P ) = {1} for P ∈ P p
I
. The rest
of the primer hypermaps P ∈ P p
II
,P
p
III
,P
p
IV
are canonical metacyclic and so they have cyclic chirality
groups given by X(P ) = ⟨yt2−1⟩ [4]. 
Theorem 19. The number NPH(p) of primer hypermaps with a prime number p of hyperfaces is given
by
NPH(p) =
−
ℓ |p−1
ℓΦ(ℓ),
whereΦ is the Euler φ-function. In particular, the number NPM(p) of primer maps with p prime faces is
given by
NPM(p) =

1, if p = 2,−
ℓ|p−1
ℓ even
Φ(ℓ), if p > 2.
Proof. According to Corollary 17, the number of primer hypermaps with p hyperfaces is
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#P
p
I
+ #P p
II
+ #P p
III
+ #P p
IV
.
We now proceed to count the number of hypermaps in each of the families P
p
I
,P
p
II
,P
p
III
and P
p
IV
. The
familyP
p
I
contains only the elementP p,1,10 . InP
p
II
the parameter k is zero, so for each ℓ > 1, such that
ℓ | p− 1, the number of possible t ’s is the number of elements of order ℓ in the multiplicative group
Cp−1 = Z∗p of the Galois field Zp, and this number is equal to the number of generators of the unique
subgroup Cℓ of Cp−1, which is given byΦ(ℓ). Hence
#P
p
II
=
−
ℓ |p−1
ℓ>1
Φ(ℓ).
We have the same result, with similar reasoning, for #P
p
III
. ForP
p
IV
, fix ℓ > 2 with ℓ | p− 1. We count
the number of (k, t) for each given ℓ. The value k is freely chosen in {1, 2, . . . , ℓ− 2}. But the number
of t ’s is, as above, the number of elements of order ℓ in Cp−1, which isΦ(ℓ). Then
#P
p
IV
=
−
ℓ |p−1
ℓ>2
(ℓ− 2)Φ(ℓ) =
−
ℓ |p−1
ℓ>1
(ℓ− 2)Φ(ℓ).
Summing all together we get the desired result,
1+ 2
−
ℓ |p−1
ℓ>1
Φ(ℓ)+
−
ℓ |p−1
ℓ>1
(ℓ− 2)Φ(ℓ) =
−
ℓ |p−1
ℓΦ(ℓ).
In the case of primer maps, there is only one primer map with 2 faces which is C2 in the family PI
(see also the comment below), sowe only need to count the primermapswith an oddprimer p of faces,
and for this only the familiesP
p
II
andP
p
IV
count. In the case ofP
p
II
, ℓ = 2 (map) implies t = p− 1, and
soP
p
II
has only one element, the dipolemapDp with p faces. In the case ofP
p
IV
, 0 < k < ℓ−2, so ℓ > 2.
On the other hand, this family represents maps if and only if ℓ
(ℓ,k+1) = 2⇔ k+ 1 = ℓ2 ⇔ k = ℓ2 − 1.
So ℓ is even and k is determined by ℓ. Now for each ℓ > 2 such that ℓ is even and ℓ | p−1, the number
of t ’s satisfying tℓ = 1 mod p and t i ≠ 1 mod p for i ≠ ℓ, is the number of t ’s that have order ℓ in
Cp−1, which isΦ(ℓ). Then #P
p
IV
=∑
ℓ |p−1
ℓ even>2
Φ(ℓ) and the number of primer maps is given by
1+
−
ℓ |p−1
ℓ even>2
Φ(ℓ) =
−
ℓ |p−1
ℓ even
Φ(ℓ). 
Comment. Although the spherical cycle hypermap Cn is primer for any n, the same cannot be said for
the dipolemapDn (Fig. 6). This is primer if and only if n > 2. For n = 2 this hasC2 as a non-trivial quo-
tientwith the same number of faces, soD2 is not primer. For p = 2 there are therefore only one primer
hypermap (which is a map) with 2 hyperfaces and this validates the above formula when p = 2.
4. Primer versus shadow
Multiple-edge (or vertex-multiple-edge)maps aremaps inwhich two adjacent vertices havemore
than one edge joining them, that is, their underlying graphs are not simple. The dual of this concept
is face-multiple-edge where two adjacent faces share more than one edge, or, in other words, about
some face there exists a repeating face. When two adjacent vertices have only one edge connecting
them the map is simple, or vertex simple. Similarly, a face-simple map is a map in which two adjacent
faces have only one edge incident to both, or more simply, when there are no repeating faces about
any face (so all faces about any face are distinct).
When a regular orientedmapM is not simple then there is an uniquenormal subgroupK of Aut(M)
such that the factor S(M) = M/K is a regular simple oriented map. Hence the factor S(M) is the
shadow ofM [16]. It turns out that the shadow S(M) ofM has the same number of vertices asM, and
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Fig. 6. The dipole mapDn with n faces.
has no non-trivial regular quotient with the same number of vertices. The dual of the shadow is then
the primer map of the dual D(M) ofM, that is,
D(S(M)) = P (D(M)).
Therefore, a primer hypermap can be seen as a generalisation to hypermaps of the shadow of a map.
Shadowsmaps are just simplemaps, so primermaps are dual of simplemaps. Thus primer hypermaps
can be also seen as generalisations of simple maps in its dual form. Du et al. [8] have calculated the
number of regular oriented simple maps with p prime vertices of valency ℓ to be Φ(ℓ). This number
coincides with the number of primer maps with p prime faces, each of valency ℓ; see the proof of
Theorem 19.
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